Juan Andrés Cabral

Pareto efficiency and competitive equilibrium

Consider an exchange economy with two goods and two agents whose preferences are determined by
the utility function

[e3

ul(z,y) =27 i=1,2, O<a<l
and the total resources are
w! +w? = (10, 10)
1. Prove that the allocation
T1=Ta=Yy1=Y2=29
is Pareto efficient.

2. Determine initial endowments w!, w? with w' # w? such that, in this economy, the previous allocation
is a competitive equilibrium.
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Solution

1. Pareto efficient allocations:

We will use the following preferences:

vi(z1,y1) =alnz; + (1 —a)lny; =lnwuy

va(w2,y2) = alnzs + (1 — @) Inys = Inwus

The Pareto efficient allocations are the solution of

max t(alnzy + (1 —a)lnyy) + (1 —¢)(alnzs + (1 — ) lnys)
st. x1+x2= wi +w%
Y1+ Y2 = wp +wh
The first-order conditions are:
oLt
ox1 w1

oL (1=t _

37@. )

oL t(1—-a)

8791. Y
oL (1-t)(1—a)
5'72/2. Y2 B

=u

From the first two, we get:
ta = Ay
(1 —t)a = Azo
Adding these, we obtain:
ta+ (1 —t)a = My + z2)
ta+ (1 —t)a = dwy
Therefore,

_ta+ (1 -t
= o

A

Similarly, from the last two,
t(l— o) = py
(1= —a) = pys
Adding these, we get:
tl—a)+ (1 =81 —a) = pulyr +y2)
t(l—a)+(1—-t)(1—a) = pws

Thus,
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P il—a)+1-t1—a)

The Pareto efficient allocations are:

. o ta B t .
11*77M*t+(17t)(n—0n
o 7(1*t)047 (1 -t B (1—1) B
B *M*Hu_ﬂwlf(lﬁ)wl
wi
il —« t(l—a t
Y1 = ( (y): (wz @) _ Wy = gt
H T—ariona=ay (-1
1—-4)(1 -« 1—=H(1 —a 1—¢
y2:( ! ): ( ! ) = ( ) wy = (1 —t)wsy

p oo (A1)
where 0 < ¢ < 1.
Taking t = %7 we obtain :
x1 = (1/2)(x1 +22) =10/2 =5
zo = (1—-1/2)(x1 +22) =10/2=5

y1=1/2(y1 +12) =10/2=5

y2 = (1= 1/2)(y1 +y2) =10/2 =5

Which is PE

. The first-order conditions (FOCs) for agent 1 are:

VU1(5, 5) = )\(p17p2)

that is,
o
— = Ap1
x1
11—«
= Ap2
Y1
with rKT =Yy = 5
«
Z =
5 P1
11—«
=A
5 D2
Therefore,
nm__«
p2 11—«

The first-order conditions (FOCs) for agent 2 are:

vu2(5a 5) = /’L(pl7p2)
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that is,
«
— = HUp1
T2
11—«
= HKp2
Y2
with 2o =y, =5
@ _
5 Hp1
l1—« _
5 Hp2
Therefore,
P«

pe  1l—a

We can take p; = @ and p, =1 — «. And

w' = (OJ%,W%)
w? = (10 — wi, 10 — w?)

Let’s see if this verifies the budget constraints

P171 + P2y1 = awi + Paws

P1T2 + P2y = aw% + pQWS

ab+ (1 —a)b=aw: + (1 —a)w?
ab+ (1 —a)b5=a(10 —w) + (1 — a)(10 — w?)

5=awi +(1—a)w?

5=0a(10 —wi) + (1 — a@)(10 — w})

See for example w{ = 3. Then
5=a3+ (1 —a)w?

5 —3a
1—«

wi =

Let’s check if budget constraint is satisfied for agent 2:

5 — 3«
= 1— 10 —
5=a(T) + (1-a)(10- )
5 —3a 5 — 3«
= 10 — -1
5=a(7)+10 I 0a+a1_
_5:_3a_5—304 5 —3a

11—« alfa
5 — 3a
1l -«
-5 =-3a—5+ 3«

-5 =-5

—-5==-3a—(1-a)
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